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Abstract
In this work we propose the quantization of a cosmological model
describing the primordial universe filled with five barotropic fluids,
namely: radiation, dust, vacuum, cosmic strings and domain walls.
We intend to identify which fluid is best suited to provide phenomeno-
logically the temporal variable in accordance with the observable uni-
verse. Through the Galerkin spectral method and the finite difference
method in the Crank-Nicolson scheme (vacuum case), the cosmological
solutions are obtained and compared. The vacuum case is especially
interesting because it provides a tunneling transition mechanism from
the quantum to the classical phase and the possibility of calculating
quantum tunneling probabilities.
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1 Introduction
The fact that there is no complete theory of quantum gravity implies the
need to test the quantum effects in different regimes and models of the
universe. In this sense, quantum cosmological models [1] are simple examples
in which ideas of quantum gravitational phenomena can be tested. Using
the approach known as canonical quantization, the scenario obtained is a
minisuperspace in which an infinite number of degrees of freedom are frozen,
and the remainders quantized. Canonical quantization consists of describing
the dynamics of the universe through the evolution of its geometric degrees
of freedom and the fields present at each instant through the foliation of
four-dimensional space-time in successive three-dimensional manifolds, each
associated with an instant of time, a procedure performed through the so-
called ADM formalism [2]. However, the foliation procedure carries with it
a negative consequence: a temporal variable becomes absent in theory. This
fact is known as the problem of time in quantum cosmology [3].
The nonexplicit presence of a variable of the temporal type can be over-
come by the phenomenological introduction of dynamic variables associated
with different material contents of the universe. The pressure of this fluid
is expressed in terms of velocity potentials, of which one of them can exert
the function of time. This is the so-called Schutz’s formalism [4, 5]. Thus, a
time-dependent Schrödinger equation is established, which makes it possible
to obtain the so-called universe wave function and expected values of the
scale factor associated with this universe model.
In cosmology, the equation of state is the name of the equation expressing
the relationship between pressure p and energy density ρ. It is a particu-
lar example of the equation of state of any statistical mechanical system,
which usually involves other variables like temperature. But in cosmology
one makes the simplifying assumption that the energy density and the pres-
sure are simply related, and that the temperature does not appear in the
equation, nor any other thermodynamic variable. This is for the sake of sim-
plicity and also because it covers a lot of interesting cases. So it is simply
p = ωρ in which ω is a number. The ω parameter could change with time,
but we will assume that any time derivatives of ω are negligible compared
to time derivatives of others variables. This is reasonable if the equation of
state is related by microphysical processes that is not directly determined
to the expansion of the universe. Thus, in a simple and efficient way for the
purposes of this work the equation of state expresses that the pressure p is
equal to ω times the energy density ρ.
The situation in which the behaviour of a quantum universe whose ma-
terial content is composed of a barotropic fluid has already been widely ex-
plored in the scientific literature [6, 7, 8]. We also find cosmological models
in which the material content of the universe is composed of two barotropic
fluids [9, 10]. In [9], a universe filled with a fluid of stiff matter and radiation
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is quantized. In [10], the quantization of a model of radiation and dust was
carried out following the causal interpretation of quantum mechanics. In
both cases, only the situation in which the radiation fluid is associated with
time in theory is studied, and thus, non-singular universes are obtained. In
this way, this article presents a significant extension of the aforementioned
works, since here cases are studied in which the role of time is played by
other fluids (and not only by radiation). Increasing the number of degrees
of freedom of the models enriches the description of the different cosmolog-
ical scenarios and may lead to greater accuracy. As in the Wheeler-DeWitt
equation the absence of the time parameter is a very important theoretical
problem, all the cited models attempt to circumvent this using the most
varied methods. The Schutz’s formalism is very useful for solving this fun-
damental question. In this formalism the material content plays the role of
the temporal variable. But that choice is quite arbitrary.
Here in this work we intend to analyze the behavior of the quantum
universe where the material content is composed of five barotropic fluids.
Our objective is to study the scale factor behaviour and the states of the
primordial universe in a model that, in relation to the more conventional
works, has a greater number of degrees of freedom associated with matter.
Furthermore, we hope to check which of the fluids used as the temporal vari-
able produces the best behavior for the universe in the sense of its passage
to the classical phase of its evolution.
The structure and organization of the article is elaborated as follows: in
Sec. 2 we introduce the characteristics of the model, explaining the role of
each barotropic fluid in the evolution of the universe, namely: cosmic strings,
domain walls, radiation, dust and vacuum fluid; in Sec. 3 we compute the
expected values for the scale factor of the universe; Sec. 4 shows the classical
evolution of the scale factor of the universe. Finally, in Sec. 5 we present
our conclusions and discuss our results.
2 The Model
In this model we consider a homogeneous and isotropic Friedmann-Lemaitre-
Robertson-Walker (FLRW) universe with spatial curvature k:
ds2 = −N(t)2dt2 + a(t)
(
dr2
1− kr2 + r
2dθ2 + r2sin2θdφ2
)
, (1)
in which a(t) is the scale factor and N(t) denotes the lapse function.
We start with the Einstein-Hilbert action with a boundary term plus
matter
S =
∫
M
d4x
√−gR+ 2
∫
∂M
d3x
√
hK +
∫
d4x
√−g p , (2)
3
in which R is the scalar curvature, K is the trace of the the extrinsic cur-
vature Kab, h is the determinant of the induced metric hab over the three-
dimensional spatial hypersurface, which is the boundary ∂M of the four
dimensional manifold M and p is the pressure.
The last term in (2) is Schutz’s action [4] that describes the dynamics
of a relativistic perfect fluid in interaction with the gravitational field in
terms of velocity potentials. It assumes that in the absence of rotation, the
four-velocity can be expressed in terms of potentials φ, θ and S as
Uν =
1
µ
(φ,ν + θS,ν) . (3)
The variable µ is the specific enthalpy, S is the specific entropy, whereas the
potentials φ and θ have no clear physical meaning. The four-velocity obeys
the normalization condition
UνUν = −1 , (4)
so that we can express µ in terms of the potentials
µ = 1
N
(φ˙+ θS˙) . (5)
The basic thermodynamic relations for a barotropic perfect fluid, p = ωρ,
are given by
ρ = ρ0(1 + Π) ; µ = (1 + Π) +
p
ρ0
; ΘdS = dΠ + pd
( 1
ρ0
)
. (6)
Here Π is the specific internal energy and Θ is the temperature. By the
identity
dΠ + pd
( 1
ρ0
)
= (1 + Π)d[ln(1 + Π)− ω lnρ0] , (7)
we can identify
Θ = 1 + Π ; S = ln(1 + Π)
ρ0ω
. (8)
If we now combine the equations (6) and (8), we can by means of the
equation of state express the pressure as
p = ω
(
µ
ω + 1
)1+ 1
ω
e−
S
ω . (9)
By using (1) and (9) in the action (2), it is possible to obtain the La-
grangian
4
L = −6 a˙
2 a
N
+ 6kNa+N−
1
ω a3
ω
(ω + 1)1+ 1ω
(φ˙+ θS˙)1+
1
ω e−
S
ω . (10)
The conjugate momenta are derived from the above Lagrangian, written
in terms of the canonical variables
pa = −12aa˙
N
,
pφ = N−1/ω a3
1
(ω + 1)1/ω
(φ˙+ θS˙)1/ω e−S/ω ,
pS = θpφ ,
pθ = 0 . (11)
Finally, if we use the canonical formalism the action (2) reduces to
S =
∫
dt{a˙pa + S˙pS −NH} , (12)
in which the super-Hamiltonian H is
H = − p
2
a
24a − 6ka+ pφ
ω+1 e
S
a3ω
. (13)
The canonical transformation
T = pS e−S pφ−(ω+1) ; pT = pφ(ω+1) eS ;
φ = φ− (ω + 1)pS
pφ
; pφ = pφ , (14)
allows us to introduce the moment associated with the fluid variable varying
linearly in (13). With the choice of the lapse function given by N = a, the
Hamiltonian of a single perfect fluid can be written as follows
H = NH = −p
2
a
24 − 6ka
2 + pTa1−3ω . (15)
For this Hamiltonian to be self-adjoint, one has to introduce a weight
function in the inner product of two wave functions Φ and Ψ, which reads
(Φ,Ψ) =
∫ ∞
0
a1−3ω Φ?Ψda. (16)
According to the type of fluid, the parameter ω in its equation of state
takes specific values1: ωr = 1/3 for radiation; ωd = 0 for dust; ωcs = −1/3
for cosmic strings; ωdw = −2/3 for domain walls; and ωv = −1 for vacuum.
1Here and in what follows, the subscripts r, d, cs, dw and v represent, respectively:
radiation, dust, cosmic strings, domain walls and vacuum.
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The Hamiltonian of a cosmological model with all those five fluids can
be extended from (15) to
H = −pa
2
24 − 6ka
2 + pTr + pTd a+ pTcs a2 + pTdw a3 + pTv a4 . (17)
We can now implement the canonical quantization procedure in minisu-
perspace and obtain the corresponding Wheeler-DeWitt equation
HˆΨ = 0 . (18)
Substituting the momenta by their corresponding operators
pˆa → −i ∂
∂a
and pˆT → −i ∂
∂T
, (19)
we can transform the Wheeler-DeWitt equation (18) into a genuine time
dependent Schrödinger equation as a consequence of the linear contribution
of the momenta associated with the variable T . Therefore, it is possible to
introduce time phenomenologically in five different ways, each one associated
with a specific fluid. Next, we will present the five perfect fluids and their
role in the evolution of the universe. We will cover the cases of cosmic
strings, domain walls, radiation, dust and vacuum.
2.1 Cosmic strings fluid (ωcs = −1/3)
If we have an exotic matter with an equation of state of the type pcs =
−13 ρcs, this fluid is called cosmic strings fluid. They were first introduced
by theoretical physicist TomW. B. Kibble [11, 12] in the late 70s as a possible
result of some field theories. They are objects that may have formed in the
early Universe, through a phase transition, with a one-dimensional (line-
like) structure. Cosmic strings were a popular research topic in the 80s,
since they could have triggered the formation of large-scale structures such
as galaxies [13]. The presence of cosmic strings in the early universe would
leave an imprint in the cosmic microwave background (CMB). Space-based
experiments like COBE and WMAP revealed that cosmic strings do not
make a measurable contribution to the CMB, thus ruling out a significant
role for cosmic strings [14].
This kind of matter was revisited in the early 2000s when it was realized
that it could also be formed in the context of string theory [15, 16, 17], in
which elementary particles are described by tiny one-dimensional objects in
a multi-dimensional space. In some theories, the strings could grow to cos-
mological scales and behave like historical cosmic strings. These are called
cosmic superstrings, and could provide precious observational signatures of
string theory. Assuming they do exist, the network of cosmic (super)strings
formed in the early universe would have evolved as the universe expanded.
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Cosmic strings, though ruled out as the origin of cosmological structure,
have recently obtained renewed popularity by the recognition that a variety
of string theory-motivated and hybrid models for inflation generically predict
the formation of cosmic string networks [18]. Strings are limited to produc-
ing less than about 10% of the primordial CMB anisotropy. CMB data can
actually favor a contribution from strings if the inflationary spectrum is ex-
actly Harrison-Zeldovich (ns = 1) [19]. Thus, the existence of cosmic strings
remains a serious element in the context of cosmology, mainly in the early
phase of the evolution of the universe.
Here, in this work, the cosmic string networks is considered as one of
the basic elements refering to the material content of the universe. The
introduction of time as pTs gives the equation
− ∂
2Ψ(a, t)
∂a2
+ Vef(a)Ψ(a, t) = 24i a2
∂Ψ(a, t)
∂t
, (20)
for the wave function of the universe, in which Vef (a) is the effective potential
given by
Vef(a) = 144ka2 − 24pTr − 24pTd a− 24pTdw a3 − 24pTv a4 . (21)
In Eq. (20) the time parameter has been rescaled as (t→ −T ).
Notice that (20) is not a time-dependent equation, because the term
that involves a time derivative has a factor a2. The system has bound
states and its approximate solution has been obtained in [20] using the
spectral method [21]. A finite interval [0, L], with L > 0, has been used;
once obtained the energy spectrum and its eigenfunctions, wave packages
of finite norm has been obtained by the superposition of the 10 lower-level
states. Each eigenfunction, as well as the wave packages obtained, vanish at
a = 0 e a = L. Figure 1 shows the expected value of the scale factor of the
Universe, the first three eigenstates, as well as the initial probability density
and the effective potential obtained.
2.2 Domain walls fluid (ωdw = −2/3)
As in the case of the cosmic strings, the presence of a particular defect
after spontaneous symmetry breaking is determined by the topology of the
vacuum manifold of the theory or model in question. Strings are line-like
defects which form if an axial or cilindrical symmetry is broken. Among
those defects, domain walls are the simplest since they arise if the potential
of a field has a global discrete symmetry that is spontaneously broken by the
vacuum. It occurs when the vacuum manifold has two or more disconnected
components [22]. In our cosmological context, the universe after the phase
transition divides into domains, each populated at random by one of the
available vacua. In recent times the motivation for the study of cosmic
7
(a) Quantum potential for the cosmic
string model.
(b) Examples of eigenstates for the cosmic
strings fluid.
(c) Initial probability density |Ψ(a, 0)|2 (d) Expected value 〈a〉, k = +1, as a func-tion of time t for the cosmic strings fluid.
Figure 1: Cosmological solutions for the case of a cosmic string fluid.
defects in general and domain walls in particular arise in the context of
branes theories [23].
In terms of hydrodynamical description the domain walls fluid is rep-
resented by the particular equation of state pdw = −23 ρdw. This type of
fluid is also known as solid dark energy, which possesses resistance to pure
shear deformations, guaranteeing stability with respect to small perturba-
tions [24]. The microphysical origin for solid dark energy is a dense network
of low-tension domain walls. This is attractive for several reasons. First,
domain walls are ubiquitous in field theory, inevitably appearing in models
with spontaneously broken discrete symmetries. Second, domain walls, and
the solid dark energy in general, have been shown to be compatible with the
observations of large scale structure. Finally, a static wall network has an
equation of state ωdw = −2/3, consistent with all observational data.
Here we are interested in the quantum description of the universe filled
with several fluids including the domain walls fluid. In this particular case,
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when we choose pTdw to play the role of cosmic time, the Wheeler-DeWitt
equation in minisuperspace is
− ∂
2Ψ(a, t)
∂a2
+ Vef(a)Ψ(a, t) = 24i a3
∂Ψ(a, t)
∂t
, (22)
in which the effective potential is given by
Vef(a) = 144ka2 − 24pTr − 24pTd a− 24pTcs a2 − 24pTv a4 . (23)
Again, the effective potential yields bounded states. In this case the
weight function of the inner product of wave functions is a3. Like in the
previous case, we have applied Galerkin method and obtained approximate
eigenvalues and eigenfunctions. Fig. 2 shows the quantum behavior of this
model with the time variable corresponding to the domain walls fluid.
(a) Effective potential for the domain
walls model.
(b) Examples of eigenstates for the case
of a domain walls fluid.
(c) Initial probability density |Ψ(a, 0)|2
for the domain walls fluid.
(d) Expected value 〈a〉, k = +1, as a func-
tion of the time t for the domain walls
fluid.
Figure 2: Cosmological solutions for the case of a domain walls fluid.
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2.3 Radiation fluid (ωr = 1/3)
The parameter of the equation of state of relativistic matter (radiation, i.e.
photons, but also matter in the very early universe) is ωr = 1/3 which
means that it is diluted as ρr ∝ a−4. In an expanding universe, the energy
density decreases more quickly than the volume expansion, because radiation
has momentum and, by the de Broglie hypothesis, a wavelength which is
redshifted. This type of fluid is also known as hot matter, where the hot term
refers to the fact that these particles have velocities equal to the speed of
light c. They encompass not only the relativistic known elementary particles,
but possibly the unknown ones (i.e. hot dark matter) [25, 26].
In the radiation case, the Wheeler-DeWitt equation and the effective
potential are given, respectively, by
− ∂
2Ψ(a, t)
∂a2
+ Vef(a)Ψ(a, t) = 24i
∂Ψ(a, t)
∂t
(24)
and
Vef(a) = 144ka2 − 24pTd a− 24pTcs a2 − 24pTdw a3 − 24pTv a4 . (25)
In contrast to the previous cases, Eq. (24) is a time-dependent Schrödinger
equation. The inner product of wave functions has weight function equal to
unity.
The results are shown in Fig. 3. We can verify that the temporal behav-
ior of the expected value that is shown in Fig. 3(d) is similar to the behavior
of the expected value in the case of a FLRW type cosmological model with
positive curvature, negative cosmological constant and radiation, studied in
Ref. [27].
2.4 Dust fluid (ωd = 0)
In cosmology, dust refers to a pressureless perfect fluid, which essentially
means a continuum of nonrelativistic material particles [25]. Galaxies behave
as massive gravitationally bound entities. Since the typical separation be-
tween galaxies, d ≈ (1) Mpc, is much larger than the average size of a galaxy
d¯ ≈ (10−2) Mpc, collision between galaxies are rare. In the hydrodynamical
scenario we may therefore view the galaxies as individual particles that are
massive but have no internal structure and do not collide one another. This
implies that there is no pressure between them, so it is reasonable to assume
that the matter in the universe today is pressureless, with equation of state
given by pd = 0. The equation of state of ordinary non-relativistic matter
is ωd = 0, which means that it is diluted as ρd ∝ a−3 = V −1, where V is
the volume, implying that the energy density redshifts as the volume. The
presence of atoms in the universe can also be thought of as a fluid of dust.
When the universe expands and consequently cools down the interactions
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(a) Effective potential for the radiation
model.
(b) Examples of eigenstates for the case
of a radiation fluid.
(c) Initial probability density |Ψ(a, 0)|2
for the radiation model.
(d) Expected value 〈a〉, k = 1, as a func-
tion of the time t for the radiation fluid.
Figure 3: Cosmological solutions for the case of a radiation fluid.
between these elements drastically reduces and the gravitational interaction
becomes dominant. Dust is also called cold matter where the adjective cold
refers to the fact that particles making up this kind of matter have a kinetic
energy much smaller than their mass energy [26]. In this case
ωd =
pd
ρd
= mv
2
th
mc2
= v
2
th
c2
 1 , (26)
in which vth is the thermal velocity of particles. To a near-perfect approxima-
tion, ωd = 0, implying ρd ∝ a−3, in line with our simple dilution argument.
Here, when we choose the dust fluid as time parameter, the Wheeler-DeWitt
equation reads
− ∂
2Ψ(a, t)
∂a2
+ Vef(a)Ψ(a, t) = 24i a
∂Ψ(a, t)
∂t
(27)
in which
Vef(a) = 144ka2 − 24pTr − 24pTcs a2 − 24pTdw a3 − 24pTv a4 . (28)
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Once more the effective potential yields bound states, and Galerkin
method can be applied for approximate solutions. In this case, the weight
function of the inner product of wave functions is a.
Fig. 4 reveals that, as the radiation case, in the dust case the expected
value of the scale factor suggests an oscillating Universe in its initial phase
of evolution.
(a) Effective potential for the dust model. (b) Examples of eigenstates for the dustcase.
(c) Initial probability density |Ψ(a, 0)|2
for the dust case
(d) Expected value 〈a〉, k = +1, as a func-
tion of time t for the dust case.
Figure 4: Cosmological solutions for the dust case.
The energy spectra for cosmic strings, domain walls, radiation and dust
is compared in Table 1 (each case corresponds to associating time with that
particular fluid). For the cases of domain walls and cosmic strings, the
values of E grow sharply with the decrease of ω. In these cases, there are no
negative energies. For the choice of time in the cases of radiation and dust,
the lower levels of energy E are negative as a consequence of the effective
potential, which exhibits a barrier followed by an infinite well.
In all cases examined so far Ψ(a, t) is well-defined for all values of the
scale factor a, even as a→ 0; moreover, the expectation value 〈a〉 (t) 6= 0 for
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all calculated values of t. Such result indicates that, at the quantum level,
those models are free from singularities.
In the next section we will treat separately the fluid case of vacuum
as candidate for the time variable, since there are no bound states and the
Galerkin method used in the previous cases of this work can not be employed.
In the vacuum scenario the potential takes the form of a barrier suggesting
the possibility of the quantum tunneling process of the region classically
forbidden to that allowed as provided in [28]. An initial oscillating phase is
not observed, which suggests the characteristic expansion of the Big Bang
scenario.
Domain walls Cosmic strings Dust Radiation
n ω = − 23 ω = − 13 ω = 0 ω = 13
1 0.06384434922315282 5.741681853598941 -0.06030416675251883 -1.226563151753191
2 0.07128227629787177 5.74305444512315 -0.04336190951161208 -1.009301233311391
3 0.07902844926431654 5.744427027796942 -0.02646347603383055 -0.7950178186299972
4 0.08744876364554739 5.745799612626338 -0.009609938940970791 -0.5838239321779358
5 0.0967239608301227 5.747172309620166 0.007199411795835328 -0.3758150502078255
6 0.1069800663819491 5.748545865051883 0.02397290901655459 -0.1710258210156473
7 0.1183249043853457 5.749923745980198 0.040741149343297 0.03063547619994838
8 0.1308704790919839 5.751316611152939 0.05757766533560688 0.2294195862145016
9 0.1447406500210076 5.752744992427849 0.07460265187871977 0.2475627099398965
10 0.1600571130843507 5.754232378223624 0.0919456155230769 0.4256530613952674
Table 1: Eigenstates calculated by the Galerkin spectral method. Here, n
indexes the eigenvalues. The value of the parameter L differs in each case;
here we have used L = 15 (for dust, radiation and cosmic strings), and L = 5
for domain walls.
2.5 Vacuum fluid (ωv = −1)
The history of the cosmological constant and its introduction into the rel-
ativistic equations of gravitation is well known: Einstein sought to obtain
a static universe but his equations provided a dynamic universe. He intro-
duced the cosmological constant to avoid this dynamic behaviour. When
Hubble showed that the universe in which we live was really dynamic and
that its components were moving away from each other the use of the cos-
mological constant lost its meaning. But his concept returned in at least
three different contexts: (i) as the vacuum energy in quantum field theories;
(ii) as responsible for the cosmic inflation and (iii) dark energy related to
the acceleration of the cosmic expansion [29].
To understand the vacuum case in terms of hydrodynamics concepts and
its use in cosmological scenarios we start with the Friedmann equation with
a non-zero cosmological constant Λ
3 a¨
a
= Λ− 4piG(ρ+ 3p) . (29)
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Next, we want to treat Λ as an effective pressure and energy density as
pef = p− Λ8piG , (30)
ρef = ρ+
Λ
8piG . (31)
We do this because now the Friedmann equation (29) simplifies to
3 a¨
a
= −4piG(ρef + 3pef) . (32)
So now we get an effective value for ω related to our equation of state
ωef =
pef
ρef
=
p− Λ8piG
ρ+ Λ8piG
, (33)
and if we assume that the cosmological constant is dominant, i.e. p ≈ 0 and
ρ ≈ 0, we get the value of ωef for vacuum fluid is −1.
It is easy to verify that the cosmological constant Λ is a dimensionful
parameter with units of (length)−2. From the point of view of classical
general relativity, there is no preferred choice for what the length scale
defined by Λ might be. Particle physics and quantum field theories, however,
bring a different perspective to the question. Here, the existence of Λ comes
from zero point energy of fluctuation, that is zero point energy of harmonic
oscillators which represent the quanta of the field. Vacuum energy has the
special property that its density is a constant. By that we mean that the
density of vacuum energy inside the universe does not change when you
change the size of the universe. The vacuum energy density is called ρ0.
Now, the variable named Λ is just ρ0 multiplied by a constant. By definition
Λ = (8piG/3) ρ0. So Λ is not a fundamentally different concept than the
vacuum energy density. As we have seen above, the vacuum does correspond
to an equation of state with ωv = −1. If the energy density of the vacuum
is positive, the pressure is negative. If the energy density is negative, the
pressure is positive. It is a characteristic of vacuum energy [29].
The Wheeler-DeWitt equation for the vacuum case (ωv = −1) takes the
form
− ∂
2Ψ(a, t)
∂a2
+ Vef(a)Ψ(a, t) = 24i a4
∂Ψ(a, t)
∂t
, (34)
in which the effective potential is
Vef(a) = 144ka2 − 24pTd a− 24pTr − 24pTcs a2 − 24pTdw a3 . (35)
The actual potential now describes a small well followed by a potential
barrier, as shown in the Figure 5. It is observed that the vacuum case
does not have a bound state structure. Unlike the other fluids candidates
for the role of time, the model presents a continuous energy spectrum, and
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can not be analyzed by the Galerkin spectral method, as done in previous
cases. The use of Galerkin’s method in this case could be understood as
an approximation of a more general situation. Thus, the finite difference
method is employed in the Crank-Nicolson scheme [30] because of its known
stability.
Figure 5: Effective potential Vef(a) for the vacuum case (ωv = −1). Here
we consider k = 1, pTv = −0.0017, pTd = 1/24, pTdw = 1/24, pTcs =
5.75, pTr = 1/24.
Eq. (34) is not in the form of a time-dependent Schrödinger equation,
since the time derivative is multiplied by a factor a4. Because of this, we
apply a canonical transformation to the case ωv = −1 [31]
a = 3
√
3x ; pa = pxa2, (36)
so that the Hamiltonian takes the form
H = − 124 px
2− 2
3√3k
3√
x2
+ 19
3√9pT r
3√
x4
+ pT d3x +
3√3pT cs
3 3
√
x2
+
3√9pT dw
3 3
√
x
+ pT v , (37)
thus recasting Eq. (34) as a legitimate time-dependent Schrödinger equation
− ∂
2Ψ(x, t)
∂x2
+ Vef(x)Ψ(x, t) = 24i
∂Ψ(x, t)
∂t
, (38)
with an effective potential in the form
Vef(x) =
2 3
√
3
3√
x2
−
3√9
9 3
√
x4
− 13x −
3√9
3 3
√
x
. (39)
The effective potential in the x variable will take the form of a small
potential barrier as shown in Fig. 6.
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Figure 6: Effective potential Vef(x) for the vacuum case (ωv = −1). Here
we consider k = 1, pTv = −0.0017, pTd = 1/24, pTdw = 1/24, pTcs =
5.75, pTr = 1/24.
As initial condition have chosen the normalized wave function
Ψ(x, 0) =
(
8192E3m
pi
)1/4
x e−4Em x
2
, (40)
which depends on the average kinetic energy of the initial packet (Em) and
satisfies the required boundary conditions Ψ(0, t) = Ψ(∞, t) = 0.
Through a computational routine we implemented the Crank-Nicolson
method for solving the Eq. (38). In all the analyzed cases it was possible
to obtain a well-defined wave packet in the whole space, even with the
degenerate 3-sphere. The evolution of the wave function was carried out in
a reticulate of 4500 points. We considered the numerical spatial infinity at
xf = 65 and let the wave function evolve from t = 0 to tf = 10, with time step
dt = 0.05, from the initial condition (40) with Em = 3.5. Fig. 7 shows the
resulting wave packet at the instant of time it reaches the numerical spatial
infinity. The wave has tunneled completely, indicating that the universe
may arise classically to the right of the potential barrier.
The case of the choice of vacuum fluid for the role of time differs from
other cases in certain respects. Here the energy spectrum is not discrete,
providing the possibility for the universe to emerge from its quantum to
classical phase as long as the wave function of the universe goes through a
small potential barrier. If this happens, the universe will classically appear
to the right of the potential barrier and from this moment on its dynamics
will be governed by Hamilton’s equations.
The numerical method employed in this case is the finite difference
method in the so-called Crank-Nicolson scheme. This method has been ap-
plied in the quantization of cosmological models with other material contents
[7, 32, 33], proving effective in the search of solutions for the Wheeler-DeWitt
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Figure 7: |Ψ(x, tmax)|2 = ρ for Em = 3.5 and tf = 10 when Ψ reaches the
numerical infinity in xf = 65.
equation. The mechanism for this is the so-called quantum tunneling, pro-
posed by Vilenkin [34], in which the universe can arise, as a classical system,
from nothing.
2.6 The Quantum Tunneling process
Here we will investigate whether the quantum tunneling mechanism may
be responsible for the birth of the universe. According to the effective po-
tential described by Eq. (21), it has a local maximum point at xmax =
0.1373356097, producing at that point a barrier with a maximum height
given by Vef(xmax) = 3.803450769. The tunneling probabilities (TP) will be
calculated as proposed by [32]
TP =
∫ xf
x2
|Ψ(x, tf)|2dx∫ xf
0 |Ψ(x, tf)|2dx
, (41)
where x2 corresponds to the return point to the right of the potential barrier.
We also compared the results with those obtained by the WKB approxima-
tion [35], using the expression
TPWKB =
4(
2θ + 12θ
)2 , (42)
in which
θ = e
∫ x2
x1
dx
√
Vef(x)−E
. (43)
Here, x1 is the return point to the left of the potential barrier, and the
potential is given by Eq. (39).
Considering the energies of the system studied here as Em < Vef(xmax),
we have calculated the tunneling probabilities for different energy values
shown in Table 2.
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Em TP x1 x2 TPWKB
3.5 1.00000 0.09528990533 0.2223132646 0.5991935224
3.4 1.00000 0.09073619640 0.2430827355 0.5842817096
3.3 0.999998 0.08701059396 0.2642240282 0.5685829292
3.2 0.999999 0.08385282248 0.2861226370 0.5520613188
3.1 1.00000 0.08111133256 0.3090725728 0.5457093732
3.0 1.000000 0.07868932583 0.3333333333 0.5164139412
2.9 1.000000 0.07652086195 0.3591574258 0.5013754900
2.8 1.000000 0.07455883112 0.3868068223 0.4770995536
2.7 0.999999 0.07276831784 0.4165650298 0.4560138864
2.6 1.000000 0.07112267672 0.4487477290 0.4339635672
2.5 1.000000 0.06960108277 0.4837135831 0.4109539392
2.4 0.999999 0.06818693370 0.5218763201 0.3870059309
2.3 0.999999 0.06686676959 0.5637190778 0.3621599683
2.2 0.999999 0.06562951995 0.6098120891 0.3364804538
2.1 0.999999 0.06446596519 0.6608350467 0.3100607607
2.0 0.999999 0.06336834280 0.7176059329 0.2830286259
1.9 0.999999 0.06233005366 0.7811187887 0.2555516854
1.8 1.00000 0.06134543928 0.8525939550 0.2278427446
1.7 0.999999 0.06040961020 0.9335459317 0.2001641378
1.6 0.999999 0.05951831208 1.025876525 0.1728302565
1.5 1.000000 0.05866781987 1.132004949 0.1462069682
1.4 0.999999 0.05785485318 1.255053066 0.1207063046
1.3 1.000000 0.05707650812 1.399114823 0.09677447176
1.2 0.999999 0.05633020162 1.569657736 0.07487111476
1.1 0.999999 0.05561362584 1.774137769 0.05543803340
1.0 0.999999 0.05492471039 2.022971269 0.03885653625
0.9 0.999997 0.05426159080 2.331128975 0.02539474830
0.8 0.999984 0.05362258211 2.720866454 0.01514995141
0.7 0.999863 0.05300615659 3.226652346 0.007996814912
0.6 0.998468 0.05241092476 3.904652676 0.003559922089
0.5 0.980635 0.05183561924 4.852518831 0.001236139969
0.4 0.7988510 0.05127908093 6.255258648 0.0002918846693
0.3 0.1814090 0.05074024699 8.508068111 0.00003586569855
0.2 0.00125519 0.05021814054 12.62326258 0.000001246406622
0.1 4.33193 · 10−12 0.04971186165 22.16122344 1.988733444 · 10−9
Table 2: Tunneling probabilities (TP) for parameters k = 1, N = 4500
(spatial discretization), dt = 0.05, xf = 65. Here tf = 10. In xmax =
0.1373356097 we have Vef(xmax) = 3.803450769.
When we compare the tunneling probabilities TP calculated for this
model, we observe that these are in general much larger than those obtained
in the FLRW quantum models with positive curvature and (i) with cos-
mological constant and radiation [33], and (ii) with the Chaplygin gas and
radiation [7] models. This should happen due to the fact that in this work
the height of the potential barrier is much smaller. Denoting the maximum
potential energy of Emax, the Table 2 shows us that the tunneling probability
is TP ≈ 1, indicating that the wave function crosses the barrier completely
for energies in the range 1 ≤ Em ≤ Emax.
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2.7 The expected value for the scale factor of the universe
Now, we can analyze how this quantum model predicts the behavior of the
scale factor of the universe in this epoch. Using the many-worlds inter-
pretation, we can calculate the expected value of the scale factor defined
by
〈x〉 (t) =
∫ xf
0 x |Ψ(x, t)|2dx∫ xf
0 |Ψ(x, t)|2dx
. (44)
The result shows that the universe has been expanding since its origin
at a time t0 in the past. To illustrate this, we calculated the time evolution
of the expected value of the scale factor, for wave packets constructed from
the initial condition (40) with energy Em = 3.5, very close to the top of the
potential (but smaller) barrier, as shown in Fig. 8.
We can see that 〈x〉 (t) 6= 0 for all value of t, indicating that the quantum
model is free of singularities.
Figure 8: Temporal evolution of the expected value of the universe, con-
structed from the initial condition (40) with energy Em = 3.5. Here we
consider dt = 0.005, N = 4500, xf = 65, tf = 10.
2.8 The classical evolution of the scale factor of the universe
After the Universe emerges classically to the right of the potential barrier
at some point x2, depending on the energy Em of the initial wave packet,
the dynamics of its evolution is governed by Hamilton’s equations
x˙ = ∂H
∂px
= − 112px ,
p˙x = −∂H
∂x
= −4k
3√3
3x5/3
+ 427
3√9 pT r3√
x7
+ pT d3x2
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+ 2
3√3pT cs
9 3
√
x5
+
3√9pT dw
9 3
√
x4
. (45)
They are obtained from Eq. (37), and their combination gives rise to the
ordinary nonlinear second order differential equation
d2x
dt2
−
3√3k
9x5/3
+
3√9pTr
81x7/3
+ pTd36x2 +
3√3pTcs
54x5/3
+
3√9pTdw
108x4/3
= 0 . (46)
By assigning the same values fo the parameter pT which have been
adopted so far, the Eq. (46) can be solved for the initial conditions
x(9.95) = 13.03390565 ; x˙(9.95) = d 〈x〉
dτ
∣∣∣∣
τ=9.95
= 2.763117600 , (47)
in which the value of x˙(9.95) has been obtained numerically. The value of
the rate of change of the scale factor at instant tf = 10 will be considered
equal to the value of the time derivative of 〈x〉 at that instant.
In all cases numerically analyzed, we made use of the fourth order Runge-
Kutta method. The result is an expanding universe. The Fig. 9 shows the
classical evolution of the scale factor of the universe.
Figure 9: Classical evolution of the scale factor for the following initial
conditions x(10) = 65, x˙(10) = 2.763117600.
3 Conclusions
In the present work we have studied the quantization of a FRW cosmological
model with positive curvature of its spatial section, the material content of
which is composed of non-interacting five perfect fluids: radiation, dust,
cosmic strings, domain walls and vacuum.
20
The quantization, performed by Schultz formalism, showed that in all
cases analyzed, wave packages with finite norm could be built which were
well-defined for all space points, even as a→ 0.
Employing Schutz variational method for fluids allows one to solve, for
all cases, the time problem, by choosing one of the fluids as the “new”
time. Except for the vacuum case, one obtains effective potentials that
yield quantum bound states. For tackling those cases, Galerkin method has
been applied. In all cases, the dynamics is described by wave packages.
The expected value of the scale factor, but for the vacuum case, de-
scribes primordial Universes which oscillate in a bounded interval, with
non-vanishing scale factor. For this case, the expected value of the scale
factor slightly contracts (but never vanishes) at first, and then begins an
expansion process, indicating that the Universe emerges from its quantum
to its classical phase. The mechanism of such transition is the quantum
tunneling. It is striking that for the vacuum case the tunneling probability
is very close to unity, much larger than the ones obtained in the literature
for other cases [7, 32].
We conclude that from the five fluids studied, the vacuum is the best can-
didate for the role of “time”, being the only one that describes a mechanism
of transition from Planck’s era to the classical phase.
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